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NOTATION

a = jet radius, cm

c = solute concentration disturbance, g-mole/cm3

¢® = solute concentration in equilibrium with surround-
ings, g-mole/cm?

D = solute diffusivity, cm?/s

G1-Gg defined in Equation (13)

h = number of axes of symmetry about which the dis-
turbance oscillates, dimensionless

i = (=1)*%

I,( ) = modified Bessel function of the first kind, order h

k = disturbance wave number, cm~—1

. = proportionality constant, s—!

Ky () = modified Bessel function of the second kind, order
h

mass transfer coefficient in the surroundings, cm/s
ko times the solute distribution coefficient

jet length, cm

dimensionless groups defined in Table 1

pressure, dyne/cm?

radial coordinate

gas constant

time, s

temperature, °K

velocity, em/s

jet velocity, cm/s

axial coordinate

[ I

nQR N DT R

monimnyy iy

Greek Letters

= growth constant, s—!

= dimensionless growth constant, 8p a*/u
solute adsorption, moles/cm?
adsorption equilibrium constant, cm
mass transfer boundary layer thickness, cm
disturbance amplitude, cm

initial disturbance amplitude, cm
azimuthal coordinate

disturbance wave length, em

viscosity, g/cm s

kinematic viscosity, cm?/s
dimensionless wave number

efined in Equation (13)

density, g/cm?

surface tension, g/s?
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Subscripts
a, s = at jet surface
i = initial

0 = undisturbed

r, 3, 8 = coordinates

A = surroundings
= most unstable
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Part Il. Liquid Jets in Liquids

The instability and breakup of laminar liquid jets in liquid surroundings
is investigated for situations where solute transfer across the jet interface
renders the system susceptible to Marangoni convection. This work paral-
lels Part I (Burkholder and Berg, 1974) on the effect of mass transfer on
the breakup of laminar liquid jets in gases. Behavior in liquid-liquid sys-
tems, however, differs significantly from that for liquid-gas systems and
cannot be inferred from the analysis of the latter. Linear hydrodynamic
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stability analysis reveals that transfer either into or out of the jet may be
either stabilizing (longer jets) or destabilizing depending on system physical
properties and mass transfer rate. Solute adsorption may strongly counter-
act the effects of the mass transfer but has only a small effect on jet stabil-
ity in the absence of mass transfer. The predicted mass transfer effects
conform qualitatively to the experimental results of Meister and Scheele

(1969) for acetone transfer between benzene jets and water.

SCOPE

The breakup of laminar liquid jets in liquids was first
investigated by Tomotika (1935), who applied Rayleigh’s
linear hydrodynamic stability theory (Rayleigh 1878,
1879, 1892) to a zero density viscous jet in zero density
viscous surroundings. Meister and Scheele (1967, 1969)
generalized Tomotika’s model to liquids with nonzero
density and showed that jet lengths predicted by their
theory were in agreement with experiments for pure
liquids without interphase mass transfer. Because the
breakup of liquid jets in liquids is important in the design
and operation of spray extraction columns, where the
breakup is accompanied by mass transfer, Meister and
Scheele (1969) also measured jet lengths for the case in
which there was transfer of acetone between benzene jets
and water. Mass transfer into the jet was found to pro-

duce significantly longer jets than transfer out, but no
explanation or analysis of this effect was provided.

As in our earlier study of liquid jets in gases, Part I,
hereafter referred to as (I}, the influence of mass transfer
on jet breakup derives from the potential in such cases
for the development of longitudinal variations in composi-
tion and hence interfacial tension along the jet prior to
breakup. This may generate convection in either or both
phases which in turn can either inhibit or reinforce the
growth of the surface corrugations that ultimately lead
to jet breakup. This study predicts theoretically the effect
of solute transfer between a dilute binary liquid jet and
dilute binary liquid swroundings using linear stability
analysis and compares qualitatively the theoretical pre-
dictions with the experimental data of Meister and
Scheele.

CONCLUSIONS AND SIGNIFICANCE

The most important theoretical predictions are: (1)
mass transfer of a surface tension lowering solute either
into or out of the jet may be either stabilizing (longer
jets) or destabilizing (shorter jets) depending on system
physical properties and mass transfer rate; (2) surface
adsorption may strongly counteract either the stabilizing
or destabilizing effects of the mass transfer on the jet;
(3) surface adsorption, including that of strong surface
active agents, has only a very small effect on jet stability
in the absence of mass transfer; and (4) the wavelength
of the most unstable disturbance, hence the ultimate

drop size may either increase or decrease for transfer
either into or out of the jet. The predicted mass transfer
effects conform qualitatively to the experimental results
of Meister and Scheele.

The phenomena studied here may have important im-
plications in deciding which phase to disperse in spray
liquid-liquid extraction columns. Unfortunately, the mass
transfer phenomena are so complicated that it will often
not be possible to predict whether mass transfer will be
stabilizing or destabilizing in a given situation without
numerical solution of the characteristic equation presented
herein.

The application of linear hydrodynamic stability analy-
sis to the breakup of jets was, as described elsewhere
(Burkholder, 1973), developed by Lord Rayleigh (1878,
1879, 1892). Tomotika (1935) applied Rayleigh’s theory
to a model consisting of a zero density viscous jet in
zero density viscous surroundings and obtained results in
good agreement with Taylor’s previous experimental data
for the breakup of very viscous liquid threads in very
viscous liquids (Taylor, 1934). Meister and Scheele (1967,
1969) generalized Tomotika’s model to liquids with non-
zero density and showed that predicted jet lengths from
their theory were in agreement with their experiments
for pure liquids, that is, in the absence of interphase mass
transfer. Meister and Scheele (1969) also measured the
jet lengths for the case in which there was transfer of ace-
tone between benzene jets and water. They found that
transfer in both directions was stabilizing relative to the
no mass transfer case and that transfer into the jet pro-
duced longer jets than transfer out. While they suggested
that the former effect resulted from the reduction in mean
interfacial tension level caused by the presence of a ten-
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sion lowering solute (acetone), they did not offer an
explanation for the effect of mass transfer direction.
Sawistowski (1973), although making no reference to
Meister and Scheele, suggested that the latter type of
phenomenon results from quasi-equilibration between the
jet and surroundings which (for transfer into the jet)
causes the solute concentration to be greater at the thin
neck or valley of the growing interface corrugation than
at the bulge or peak. Thus, the interfacial tension is lower
(for a tension lowering solute) at the valley than at the
peak. The interface then expands toward the peak and
causes liquid transport from the valley to the peak, thus
reinforcing jet breakup. Thus, Sawistowski’s explanation
suggests that transfer into the jet is destabilizing while
Meister and Scheele’s results show that transfer into the
jet is stabilizing. A possible explanation for the results of
Meister and Scheele is suggested by the results of (I)
which imply that either stabilization or destabilization
may occur without quasi-equilibration of the phases.
Whether the mass transfer is stabilizing or destabilizing
depends upon which phase has the stronger Marangoni
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convection as dictated by the physical properties of the
system. The present situation is thus similar to the well
known Sternling-Scriven problem (Sternling and Scriven,
1959). The objectives of the present study are thus to:
(1) perform a linear hydrodynamic stability analysis on
the system to predict theoretically the effect of solute
transfer between a dilute binary liquid jet and dilute
binary liquid surroundings and (2) compare qualitatively
the theoretical predictions with the experimental results
of Meister and Scheele.

THEORETICAL DEVELOPMENT

The model to be analyzed is an infinite cylindrical
column of a nonvolatile, incompressible, Newtonian liquid
in steady laminar plug flow through a second nonvolatile
incompressible Newtonian liquid. The flow is assumed to
be so slow that aerodynamic effects are negligible.* A
solute is present in small amounts in both phases, and
the surface is assumed to be in local adsorption equilib-
rium with both bulk phases. The bulk phases are thus
also in local equilibrium at the interface. In the undis-
turbed state the solute concentration is assumed to vary
linearly with radial position in both the jet and the sur-
roundings, The densities, viscosities, and solute diffusivi-
ties are constant in both phases, and the interfacial tension
is linearly proportional to the solute concentration at the
interface.

A small arbitrary disturbance, in accordance with
Rayleigh’s postulates, is imposed upon the system, caus-
ing a deflection of the jet surface and perturbations in
the radial and axial velocity components, the pressure, and
the solute concentration in both phases. As a consequence
of these changes, the interfacial tension may vary axially
along the jet. The variation of all quantities in the azi-
muthal (§) direction is neglected with the exception of
the interface deflection.

The disturbance must satisfy the linearized Navier-
Stokes and diffusion equations in both phases, which are

V-u=0 (1)
A
Veu=90 (2)
ou 1
—=——Vp+ WV (3)
at P
au 1
u A A A
I3/
% ru 22~ pyre (5)
ot or
BA BA
A A
T 6,2 = Dy (6)
ot or

where r is the radial coordinate measured from the jet
axis, and w, is the radial velocity perturbation.

The equations are solved subject to the linearized
boundary conditions which express continuity of velocity,
shear stress, normal stress and solute molar flux, and
phase equilibrium at the jet surface r = a. These are

u, = 1,1\, continuity of radial velocity (7)
A
4, = u, continuity of axial velocity (8)

¢ Fenn and Middleman (1969) have determined that such will be

A
the case if the Weber number, Nwe = paU2/0, is less than 5.3.
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A A

u. ou ou ou, do dc

(k) 25 ) o
or 0z or 9z dc 0z

continuity of shear stress  (9)

A
A A JU, ou, oy
-2 - — — (1 — h? — k2g?
P —pta——— a?)7
do ¢ L
e 0 continuity of normal stress  (10)

A
dc u ou, dc A D
a[——+co(—i+ )]-f—D——-—D-—C—::O
ot r 02

continuity of solute molar flux (11)
A
c (12)
where 7 is the displacement of the jet surface from its
mean position and is related to the radial velocity by the
equation [u, = d4/8t],=q; & is the adsorption equilibrium
constant with respect to the jet phase and is defined by
the equation T = 8 ¢; where ¢; is the solute concentration
in the jet sublayer; o and do/dc are the interfacial tension
and concentration coefficient of interfacial tension; and
the subscripts r and z refer to the radial and axial com-
ponents.
It is to be noted that, as in (I), interfacial viscosity and
diffusivity have not been incorporated into this model.
Simultaneous solution of the equations and boundary
conditions and nondimensionalization of the results yields
the following characteristic equation relating 8, the di-
mensionless growth constant of the disturbance to £, the
dimensionless wave number for any given set of values for
the ten dimensionless groups, summarized in Table 1,
which describes the properties of the system:

= mc phase equilibrium

A
— Io(f) A Ko(fl)
2 2 2) _ 2 Nycl? olst/
8 {Ell(f) [<(§1 4+ &) VS£>§1K1(?1)
A I 1 A
+ Nys(é2 — 82) & olér) + <Nys(é&2 + £2)
I (&)
Kqo(£)
—(é2-8)>¢ K. (&) +H1]
A
Ky (¢) A Ko(éy)
Npné ——mo? 2 g2
+ ~¢ K () [(fl £) fx——?—'Kl( X
A Io(é1)
N 2 — 9g2
+ <Nys(&? + £2) £2> £ (&)

+ <(é2 + €) — Nys (?12 + )>¢ ;"((?) + H, ] }
1

+ 3{2(1 — Nys)¢? [<<512 +£2) — 2 Nys¢®>

I, (€) Ko(g) A
‘ 1,(¢) QZ(—?I_)—"— <Nys(&:2 + £2) — (&2 + £)>
Io(€) | Ko() i B
o K TN —1)>

A
Iy(¢1) A Ko(&)) N A Ko (£)
— N 2 0
1 1.(6) §1‘_‘7V_"K1(£1) + <2¢ vs{é2 + 2)> ¢ K. (8)

(continued on next page)
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A
Io(£1) Ko (¢) _a Ko(£1)
b T S T RE)
A I (&) Io(£4)
+ Nys (&2 —~ €2) <11(£) - & 506 +Hs]}

e

A
'n Ko(é1) Ko(£) 2
- N 2 _ g2
& X&) 3 K. (¢) + Nys(é2 — €2)
Io(¢1) Io(€)
— H, |= 1
T e/ T ‘] 0 18

[Equation (13) describes axisymmetric disturbances for

h = 0 and asymmetric disturbances for h = 1]
where

H
Hl = NMA H5 [ HB - ——7—] (Hlo - Hll)
Hys

A H
+ Nuya Hs [Hs(Hn + Hm——H—u-— 1)

13

-1)]

H
— Hy (on + Hyy — Hlo

13

1
+ Ngi Hs (le + i 2) (Hyo — Hyy)

13

H
Hy; = Nya Hs [Hs (H10+H13+7-I_1_3—+ 1)
11

H
—H7(H10+H12+ 12 +1>]
Hyy

A Ha
+ Nua Hs Hs—i——ﬁ— (Hys — Hy3)
1

+ Nz Hs(Hyo 4 1) (Hyp — Hys)

H3 = Nya Hy (Hg His — Hy Hyp) (Hyo — Hyy)

A
+ Nma Hs (Hy Hyy — Ho Hyo) (Hya — Hyo)

~+ Npp Hs (Hyy — Hyo) (Hyg — Hyo)

Hy = Nya Hs (Hs — Hy) (Hyo — Hyy)

A
+- Nua Hs (Hg — Hy) (Hyz — Hys)

+ Ngr Hs (Hyo ~ Hy1) (Hiz — Hia)

H5=

o Ko(h)  Io(&)
LK (&) &l (&)

Ko(?;) 4N Io(&,) 4 B Nss Ko(%)

Iy (€3)

2Ky (B) Veli(&) BB
_ Jeslo(ms)I;(Is)ds

°T T 1(&) L&)

_ Jesly(ms)Ii(ks)ds

T a? Iy(&:) 1 (€)

1, = L2 sKo(ms) K, (I ds
a* Ko () K1 (&)
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TaBLE 1. DIMENSIONLESs Groups IN EQuaTioN (13)

Nsy = ord Suratman number
u2
(£)(2), -
oc or /¢
N =
A pD Marangoni number in the jet
A
(2)(%).
a
N1(4\ 4 = o o Marangoni number in the
uD surroundings
do \2
( e ) {coda
dc be
N = Surface elasticity number
EE RTuD g
)
Npr = % Distribution number
L .
Ns¢ = — Schmidt number
pD
(%)
- — j &
ac
N =
S8 aRTpD Interface Schmidt number
A
Npn = L Density ratio
6
A
I . .
Nys = — Viscosity ratio
u
D
Npr = 75- Diffusivity ratio
A
u {a sKo(ms) Ky (ks)ds
] =
a* Ko(£3)Kq (£)
Ko(£1)
A Koléy
Hig= ¢
K, (&)
Ko(€)
Hy=§——1—
K (¢)
Io(£1)
Hyp = &1 ——t
Ii(é1)
¢ Io()
13 —_—
1,(&)
— a>
g = Be dimensionless growth constant
I
E=ka dimensionless wavenumber
E= (24 B)% dimensionless  wavenumber

£ = (& + B Nopx/Nys)*

€, = (£2 + B Nsc)*
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for momentum transfer in
the jet

dimensionless  wavenumber
for momentum transfer in
the surroundings

dimensionless  wavenumber
for mass transfer in the jet
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A -

&= (2 + BNsc Npr)%  dimensionless  wavenumber
for mass transfer in the sur-
roundings

Equation (13) contains the results of all previous
theoretical analyses of the stability of liquid jets in liquids.

A

For example, setting NMA, NMA, NEL, NDI, and Nss = 0,
dividing through by Nys, converting the dimensionless
growth constant to a dimensional one and rearranging
reduces Equation (13) to Equation (C-72) in Meister
(1966). Equation (13) in this paper and Equation (13)
in (I) can be collapsed together after much algebraic
manipulation as shown by Burkholder (1973).

After rearrangement Equation (13) is solved numeri-
cally for a number of arbitrary sets of values for the di-
mensionless groups by the same methods discussed in (I).
Only one situation was encountered for axisymmetric dis-
turbances where the principle of exchange of stabilities
did not hold, and this situation was near the upper limit
of experimentally attainable values for the Marangoni
number, Hence, oscillatory instability is not expected in
experimental situations.

THEORETICAL RESULTS AND DISCUSSION

Figure 1 shows the effect of adsorption (as character-
ized by the surface elasticity number Ng.) on the dimen-
sionless growth constant of the most unstable axisym-

metric disturbance (8*) as a function of Ngy with the
remaining dimensionless groups held constant. Increas-
ing values of the growth constant correspond to predicted
decreases in jet length, Adsorption is seen to be only
very weakly destabilizing in the absence of mass transfer
(regardless of the value of Ngy) even for large surfactant
surface concentrations. Thus even the presence of a
spread surfactant monolayer on the jet surface has virtu-
ally no effect on the stability of liquid jets in liquids in
the absence of mass transfer,

T T T T T T
240t -
_ 5
Ng,=5 X 10
200}k 4
160} .
B*
1201 1

BOF Ng=5 x10*

ENg

Fig. 1. Dimensionless growth constant vs. elasticity number showing
the effect of solute ndsorption or the presence of surfactants on
jet stability in the obsence of mass transfer. Other dimensionless

Ias
groups have values: Nma = 0, Nya = 0, Ngs = 0.04, Npy = 1,
Nys = 1, Npr = 1, Np; = 1, Ns¢ = 105,
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Fig. 2. Dimensionless growth constant vs. Marangoni number. 4 and

A
— denote the sign of Nyya = Nua corresponding to each branch
of the curves for various values of Ngy. Other groups are set at:
Ngr = 0, Nss = 0.04, Npy = 1, Nys = 1, Npr = 1, Npr = 1,
Nsc = 103. Dashed line for Nsy = 5 X 103 indicates that there
is some uncertainty concerning the exact location of the curve
due to convergence difficulties in the solution of Equation (13) for
this case.

Figure 2 shows the effect of mass transfer, character-

ized by Ny or NQA, on jet stability as a function of the
interfacial tension level, characterized by Ngy. The effect
is seen to become significant at Marangoni numbers of
approximately = 107, values well within the range of
those that might be encountered in practice. Transfer of a
tension lowering solute out of the jet (positive Nya) is
seen to be destabilizing. Transfer in the reverse direction,
however, in sharp contrast to the behavior of liquid jets
in gases, is stabilizing only for smaller rates of mass trans-
fer and becomes destabilizing as the rate increases. Thus
mass transfer in either direction shortens the jet if the
transfer rate is great enough. The maximum stabiliza-
tion that can occur at intermediate rates increases with
increasing Ngy (increasing interfacial tension), but very
small growth constants are never predicted. Finally, for
very large transfer rates into the jet, the growth constant
becomes independent of Nsy.

Figures 3 and 4 show the effect of the density and vis-
cosity ratios (Npy and Nyg) on a system with Nsy =
5 X 10* (the middle curve in Figure 2). Increasing
either Npy or Nyg from a value of 1 to a value of 10 does
not change the sense of the mass transfer effect, but de-
creasing either from a value of 1 to a value of 0.1 reverses
the sense of the mass transfer effect (transfer out is
stabilizing, transfer in destabilizing). Numerical calcula-
tions for this case show that if either Npy or Nyg is >
0.85 = .025 transfer of a tension lowering solute out of
the jet is destabilizing and into the jet is stabilizing (at
low transfer rates); if either Npy or Nys is < 0.85 = .025,
transfer out is stabilizing and transfer in is destabilizing.
It should be noted that as the values for either Npy or
Nys move away from 1 in either direction the onset of
the Marangoni effect occurs at smaller Marangoni num-
bers (smaller mass transfer rates).

Figure 5 shows the effect of the solute diffusivity in

AIChE Journal (Vol. 20, No. 5)



the surroundings on jet stability. Since continuity of solute
molar flux must always be maintained at the jet surface,
an increase in the diffusivity of the surroundings must be
accompanied by a corresponding decrease in the solute

240

200

160

120

80

40

+
_NMA
Fig. 3. Dimensionless growth constant vs. Marangoni number (-+ and

A
— denote sign of Nya, Nua) showing the effect of mass transfer
on jet stability as a function of Npn. Other dimensionless groups
are set at: Nsy = 5 X 104 NgL = 0, Nss = 0.04, Nys = 1,
Npr = 1, Npr = 1, Ns¢ = 103. Dashed line indicates uncertainty
in curve location due to convergence difficulties in solving Equation
(13).

tNya

Fig. 4. Dimensionless growth constant vs. Marangoni number (4 and

A
— .denote sign of Naya, Numa) showing the effect of mass transfer
on jet stability as o function of Nys. Other dimensionless groups
are set at: Nsy = 5 X 10%, Ngr = 0, Nss = 0.04, Npy = 1,
.NDF = 1, Npr = 1, Ns¢ = 103. Dashed line indicates uncertainty
in curve location due to convergence difficulties in solving Equa-
tion (13).
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concentration gradient in the surroundings, and con-
versely. As shown, decreasing the solute diffusivity in the
surroundings (Npr > 1) strengthens the mass transfer
effect regardless of whether it is stabilizing or destabiliz-
ing. Likewise, increasing the solute diffusivity in the sur-
roundings (Npr < 1) weakens the mass transfer effect.

The results in Figures 2 to 5 may be explained on quali-
tative physical grounds with reference to Figure 6. Figure
6a shows an undisturbed section of the jet and surround-
ings with lines of constant solute concentration sketched
in. The axisymmetric interface deformation of the jet then
creates new interface at the peaks of the corrugations and
reduces the area at their valleys causing the shift in the
lines of constant concentratipn shown in Figure 6b. Thus,
liquid from both bulk phases reaches the interface at the
peak and leaves the interface at the valley. For transfer
out of the jet the liquid reaching the interface at the peak
from the jet phase is richer (but from the surrounding
phase is leaner) in the solute than the original undisturbed
interface. If the physical properties of the two phases are
such that the effective convection to the interface from
the jet is greater than that from the surroundings, it
becomes richer in the solute at the peak and leaner at the
valley. For a tension lowering solute (the usual situation)
the tension becomes lower at the peak than at the valley.
The resulting interfacial tension gradient generates inter-
facial flow away from the peaks, as shown in Figure 6c,
and thus tends to oppose the necking down process which
ultimately leads to jet breakup. Similar reasoning shows
that transfer into the jet has a destabilizing effect when
the effective convection is greater in the jet. Both effects
would be reversed for tension raising solutes or for situa-
tions where the effective convection is greater in the sur-
roundings.

Figure 7 shows the effect of surface adsorption, as char-

240~

200+

40} .

Fig. 5. Dimensionless growth constant vs. Marangoni number (+
and — denote sign of Nia) showing the effect of mass transfer on

jet stability as a function of diffusivity in the surroundings, 6 Dif-

fusivity inside the jet is set at D = 10—5 cm2/s, and /D\ and (a’éo/ar),,

are varied simultaneously such that continuity of molar flux is

maintained at the jet surface. Other dimensionless groups are set

at Nsu = 5 X 104, NgL = 0, Nss = 0.04, Npy = 1, Nys = 1,
Nsc = 108,
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(c)

Fig. 6. Schematic diagram showing the influence of the Marangoni

effect on jet stability. (a) Undeformed jet with lines indicating

constant solute concentration. (b) Deformed jet showing distortion

of constant solute concentration lines. (c¢) Internal flows set up by
interfacial tension variations.

acterized by Ngi1, on jet stability in the presence of mass
transfer, Like the results in (I) the theory shows that the
adsorption of the transferring solute itself will not have a
significant effect (Ng; must be > 1000), but nontrans-
ferring surfactants may completely suppress either the
stabilizing or destabilizing effects of the mass transfer.

Figure 8 shows the effect of the solute diffusivity in
the surroundings on the dimensionless wave number of
the most unstable disturbance. The physical situations
described in Figure 8 are the same as those described in
Figure 5. Comparison of Figures 5 and 8 shows that in-
creasing B* (decreasing jet length) is accompanied by in-
creasing ¢° (decreasing drop size) and vice versa except
for large rates of transfer into the jet. In this case, in-
creasing B* is accompanied by decreasing £* so that de-
creasing jet length is accompanied by increasing drop size.
Of course, this behavior is only observed for situations
with density and viscosity ratios greater than 0.85 = .025
for the situations used for the present calculations.

Further consideration of the central physical example of
Figures 2 to 5, 7, and 8 reveals more concerning the
behavior of liquid jets in liquids with mass transfer. This
example describes a situation where the density, viscosity,
and diffusivity ratios are all equal to 1. from the previous
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study of Sternling and Scriven (1959) for planar liquid-
liquid interfaces, such a situation produces a case of
marginal stability, that is, a situation with no net Maran-
goni effect. It might at first seem logical to expect that
the effective convection would be greater on the inside of

240+
200!-
160
120+

801

401 _.

Fig. 7. Dimensionless growth constont vs. Marangoni number (<4 and

— denote sign of Nya, N;/I\A) showing the effect of mass transfer

on jet stability in the presence of solute adsorption, as expressed

by Ner. Other dimensionless groups are set at Nsy = 5 X 10%,
Nss = 0.04, Noy = 1, Npr = 1, Npr = 1, Ns¢ = 103,

5 6 7 8 9
jLe) 10 10 10 10 10 10
+
—NMA
Fig. 8. Dimensionless wave number vs. Marangoni number (4 and —

denote sign of Nar4) showing the effect of mass transfer on predicted
drop size. Results are shown for various values of the diffusivity in

A
the surroundings D. Diffusivity inside the jet is set at D = 10-35

cm?/s, 6 and (aé\o/ar)u are varied simultoneously such that com-

tinuity of molar flux is maintained at the jet surface. Other dimen-

sionless groups are set at Nsy = 5 X 104, Ngr. = 0, Nss = 0.04,
Npy = 1, Nys = 1, Ns¢ = 103,
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the circular interface for cylindrical liquid-liquid systems,
because the internal convection caused by a given inter-
facial tension gradient would be confined to very small
volume while the external convection would be distributed
over a much larger volume. Thus, transfer out of the jet
might be expected to be stabilizing. However, because a
cylindrical interface is being disturbed, the change in
capillary pressure due to the dependence of surface ten-
sion on concentration (do/dc)c/a in the normal stress
boundary condition) causes a local decrease in pressure
at the disturbance peak which reinforces the convection
in the surroundings such that the Marangoni convection
actually becomes stronger on the outside of the disturbed
circular interface. Thus, transfer out of the jet is actually
destabilizing.

From the foregoing discussion it is clear that the con-
sequences of the Marangoni effect for liquid jets in liquids
are quite complicated. Thus, the development of simple
criteria to predict, a priori, what Marangoni effect might
be expected for a given physical situation is not possible,
and qualitative effects cannot be predicted with certainty
without the solution of Equation (13).

QUALITATIVE COMPARISON OF
THEORY WITH EXPERIMENT

A qualitative comparison can be made between the
present theory and the experimental results of Meister and
Scheele for the transfer of acetone between benzene jets,
directed vertically upward, and water. For the experi-
ments with transfer into the jet, the water contained 5
wt. ¢ acetone; for the experiments with transfer out of
the jet, the benzene contained 5 wt. 9 acetone. The
distribution coefficient in this system is approximately
unity. Experimental results showed that mass transfer both
in and out stabilized the jet (increased the jet length)
relative to the no-transfer case of pure benzene jets in
water, and mass transfer into the jet yielded longer jets
than transfer out. While the general stabilization in the
presence of acetone can be explained by lowered inter-
facial tension, the dependence on mass transfer direction
was not explained. It is this effect that is to be examined
in the context of the present theory.

Meister and Scheele’s data for jet velocities of 35, 45,
and 55 cm/s are shown in Table 2. Data for higher veloci-
ties cannot be used because of jet lengthening, which
occurs when the jet velocity exceeds the drop rise velocity.
It should also be noted that the Weber numbers corre-
sponding to these experiments are below 5.3 so that aero-
dynamic effects (neglected in the present theory) would
be expected to be negligible (Fenn and Middleman, 1969).
To make the comparison, values for 8% are first calculated
from the experimental data at each velocity. A value for
no, the initial disturbance amplitude, is calculated from

B° =%1n (%) (14)

where 8* is the growth constant of the most unstable
disturbance. This is accomplished using the theoretically
predicted values of 8* for pure benzene jets in water and
the measured values of U, L, and a from the experiments
for the pure benzene-water system. Each no value is as-
sumed constant for all runs at that particular velocity.
Thus, 8* values can be calculated from the measured jet
lengths for each of the experiments of interest using the

above equation and the definition of 8. The derived

experimental 8 values are presented in Table 2.
The experimental situation is best described as pene-
tration mass transfer into (or out of) a cylinder of initial
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TABLE 2. MEISTER AND SCHEELE DATA FOR THE ACETONE-
BENZENE-WATER EXPERIMENTS AND THE EXPERIMENTAL

E’“ VALUES AND Npya RANGES

Jet
veloc- Jet
ity, Transfer length,
cm/s  situation cm g* Npa range

46.8 —

35 Transferout 097 342 1.6 X 108 to 6.0 x 107
Transfer in 1.35 245 —1.6 X 108to —1.0 x 108
No transfer 1.14 46.8 —

45 Transferout 1.46 36.6 1.6 X 106 to 6.0 X 107
Transfer in 208 257 —1.6 X 108to —1.0 x 10%
No transfer 161 468 —

535 ‘Transferout 1.94 38.8 1.6 x 106 to 6.0 x 107
Transfer in 264 285 —1.6x 106to —1.0 x 108

No transfer 0.71

solute concentration ¢; from (or to) an infinite medium

N

of initial solute concentration ¢;. Because the jet lifetimes
for the experiments (¢ = L/U) are small (~ .04 s), the
boundary layer thickness (8n ~ \/Dt) is small (0.0006
cm) relative to the jet radius (0.0405 cm), and the solute
concentration profiles in both phases are strongly non-
linear. Hence, the jet itself may be considered an infinite
medium. It is now clear that Sawistowski’s explanation of
Marangoni effects for liquid jets in liquids, which is based
on the assumed quasi-equilibration between the two
phases, cannot be applicable to the present situation. It
is also clear that the assumption of linear undisturbed con-
centration profiles in both phases made in the theoretical
derivation (primarily affecting the calculation of the
Marangoni number) limits the comparison that can be
made between theory and experiment to a qualitative one.

The interfacial concentration (co), is calculated by

(co)e = c/[1 + m (13/D)‘/2] for transfer out of the jet
and (¢g)q = ,c\i/[m + (D/ﬁ)VZ] for transfer into the jet.

m was obtained from Meister and Scheele and D and ﬁ
estimated by the method of Wilke and Chang (1955).
The interfacial tension (o) and its concentration coeffi-
cient (do/dc) are calculated from Meister and Scheele’s
data for the acetone-benzene-water system. Using Equa-
tion (13), theoretical 8 vs = Ny curves for the Meister
and Scheele experiments are calculated using a series of
assumed values for the concentration gradients in the jet
and surroundings.

The calculation of the actual concentration gradients

(necessary for the determination of Ny, and N&A) pres-
ent in the experiments is necessarily arbitrary because the
theory assumes they are linear while they are strongly
nonlinear, The maximum value of (dco/dr),, (and hence
the maximum Marangoni number) corresponding to the
slope of the unsteady profile at the jet interface, is calcu-
lated as

A
m(D/D)%

aco) _ C;
( or /o /mDt l—{—m(D/E)‘/2

for transfer out of the jet and

(aco ) _ G/m (D/D)%/m
or’e  \/aDt 1+ (D/D)%/m

for transfer into the jet
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Fig. 9. Comparison of calculated growth constant vs. Marangoni
number, shown as curved lines, with experimental results of Meister
and Scheele (1969), as listed in Table 2.

The minimum value is calculated as
( aCo )
ar
Using both values defines the Ny4 range shown in Table
2 and Figure 9.

Comparison of the data of Meister and Scheele with
the predictions of the present theory is shown in Figure 9.
The curves show the predicted dependence of the dis-
turbance growth constant on mass transfer rate (expressed
as Nua) for transfer out and transfer into the jet under
the conditions of the experiments. They show clearly that
one should expect transfer out to yield shorter jets than
transfer in. The sets of horizontal lines represent the data,
with their lengths representing the range of Nys values
that might be assigned to each experimental condition.
While the predicted absolute magnitudes of the growth
constants are greater than those observed for both transfer

directions, their relative magnitudes are in qualitative ac-
cord with experiment.

— (Co)a — ¢4
o a
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NOTATION

a = jet radius, cm

c = solute concentration disturbance, g-mole/cm3
c; = initial solute concentration, g-mole/cm?

D = solute diffusivity, cm?/s

=

number of axes of symmetry about which the dis-

turbance oscillates, dimensionless

H, to H;3 = defined in Equation (13)

In( ) = modified Bessel function of the first kind, order h

k = disturbance wave number, cm—!

Kiy( ) = modified Bessel function of the second kind,
order h

L  =jetlength, cm

m = solute distribution coefficient

N; = dimensionless groups defined in Equation (13)

p = pressure disturbance, dyne/cm?

r = radial coordinate
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= gas constant

=time, s
= temperature, °K

= velocity disturbance, cm/s
= jet velocity, cm/s

= axial coordinate

DN ol - Rl |

Greek Letters
= growth constant, s—!

dimensionless growth constant, 8 paZ/u
solute adsorption, g-mole/cm?

adsorption equilibrium constant, cm

mass transfer boundary layer thickness, cm
disturbance amplitude, cm

initial disturbance amplitude, cm
azimuthal coordinate

viscosity, g/cm s

kinematic viscosity, cm2/s

= dimensionless wave number

A
&1, &4, &, ?z = defined in Equation (13)
p = density, g/cm?

gooaﬁtol‘an

gy

e R DI I

o = surface tension, g/s?
Subscripts

a,s = at the surface

i = initial

0 = undisturbed

r, 2, § = coordinates
Superscripts

A = surroundings

® = most unstable
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